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We consider dynamical systems on compact manifolds, which are local diffeomorphisms out-
side an exceptional set (a compact submanifold). We are interested in analyzing the relation
between the integrability (with respect to Lebesgue measure) of the first hyperbolic time map
and the existence of positive frequency of hyperbolic times. We show that some (strong) integra-
bility of the first hyperbolic time map implies positive frequency of hyperbolic times. We also
present an example of a map with positive frequency of hyperbolic times at Lebesgue almost
every point but whose first hyperbolic time map is not integrable with respect to the Lebesgue
measure.
1. Introduction and statement of results
This note presents results from a joint work 2 with J. F. Alves.
The study of non-uniformly hyperbolic behavior has recently benefitted from
a new tool introduced by Alves1 through the notion of hyperbolic times. These
have played an important role in the proof of several results about the exis-
tence of absolutely continuous invariant measures and their statistical properties;
see Alves1, Alves-Arau´jo3, Alves-Bonatti-Viana4, Alves-Luzzatto-Pinheiro5 and
Alves-Viana6.
Let f : M → M be a continuous map on a compact Riemannian manifold M
with the induced distance dist, and fix a normalized Riemannian volume form m
on M that we call Lebesgue measure. We assume that f is a C2 local diffeomor-
phism in all of M but an exceptional set S ⊂M, where S is a compact submanifold
of M with dim(S)< dim(M) (thus m(S) = 0) such that f behaves like a power of
the distance to S : for some β > 0
‖D f (x)‖ ≈ dist(x,S)−β (1)
(see Alves-Arau´jo2 for a precise statement). The set S may be the set of critical
1
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points of f or a set where f fails to be differentiable (S = /0 may also be consid-
ered). Let distδ(x,S) = dist(x,S) if dist(x,S)≤ δ, and distδ(x,S) = 1 otherwise.
Definition 1. Let β> 0 be as in (1), and choose 0< b<min{1/2,1/(4β)}. Given
0 < σ < 1 and δ > 0, we say that n is a (σ,δ)-hyperbolic timea for x ∈ M if for
every 1 ≤ k ≤ n,
n−1
∏
j=n−k
‖D f ( f j(x))−1‖ ≤ σk and distδ( f n−k(x),S)≥ σbk. (2)
We say that the frequency of (σ,δ)-hyperbolic times for x∈M is greater than θ> 0
if the hyperbolic times n1 < n2 < n3 . . . satisfy liminfN N−1#{k : nk < N} ≥ θ.
The following result contained in Alves-Bonatti-Viana4 is a strong motivation for
the study of hyperbolic times.
Theorem A. If there are 0 < σ < 1, δ > 0, and H ⊂ M with m(H)> 0 such that
the frequency of (σ,δ)-hyperbolic times is bigger than θ > 0 for every x ∈H, then
f has some absolutely continuous invariant probability measure.
Assuming (σ,δ)-hyperbolic times exist Lebesgue almost everywhere, let h :
M → N be such that h(x) is the first (σ,δ)-hyperbolic time. The integrability
properties of h are important in the study of stochastic stability and decay of corre-
lations for several classes of dynamical systems, see Alves-Arau´jo3, Alves-Viana6
and Alves-Luzzatto-Pinheiro5.
Theorem B. If, for some 0 < σ < 1 and δ > 0, h is Lebesgue integrable, then f
has an absolutely continuous invariant probability measure µ.
From these two results it is natural to investigate the relation between the integra-
bility of h and positive frequency of hyperbolic times.
Theorem C. If for 0 < σ < 1 and δ > 0 the first (σ,δ)-hyperbolic time map h be-
longs to Lp(m) for some p > 4, then there are σˆ > 0 and θ > 0 such that Lebesgue
almost every x ∈ M has frequency of (σˆ,δ)-hyperbolic times bigger than θ.
The smallest value of p ≥ 1 for which the first condition in Theorem C still
implies the desired conclusion is not known (to the best of our knowledge). How-
ever, as a consequence of our proofs we obtain an optimal bound when S = /0.
Corollary D. Let f : M →M be a C2 local diffeomorphism. If for some σ ∈ (0,1)
the first σ-hyperbolic time map is Lebesgue integrable, then there are σˆ > 0 and
aIn the case S = /0 the definition of (σ,δ)-hyperbolic time reduces to the first condition in (2)
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θ > 0 such that Lebesgue almost every x ∈M has frequency of σˆ-hyperbolic times
bigger than θ.
There is no hope of a result in the oposite direction, at least when S 6= /0. We
consider the map ˆf : I → I (see figure 1) with I = [−1,1] given by
f (x) = 2√x− 1 if x ≥ 0 and f (x) = 1− 2
√
|x| otherwise.
This induces a local homeomorphism f : S1 → S1 not differentiable at the point 0.
x x2x
y=f(x)
y=x
. . . .
0 1
−1 −0.5 0 0.5 1
−0.5
0.5
−1
0
1
Figure 1. A map with non-integrable first hyperbolic time map.
It is not difficult to show that Lebesgue measure is f -invariant and ergodic.
Using this we show that Lebesgue almost every point has positive frequency of
hyperbolic times. Moreover, it is easy to see that for every x the first hyperbolic
time must be at least the first return time to a neighborhood of 0. Hence
∫
hdm≥
∑n≥1 n(xn+1−xn) where xn = gn(0),n≥ 1 and g : (−1,1)→ (0,1),x 7→ (1+x)2/4
is an inverse branch of f . It is an easy exercise to check that the series diverges.
Thus h is not Lebesgue integrable (see Alves-Araujo2 for details).
We do not know whether it is possible to construct an example with the same
properties but in the local diffeomorphism setting (i.e., with S = /0).
2. Sketch of some proofs
We present a sketch of the proofs of Theorems B and C. The strategy is to consider
the weak∗ accumulation points of µn = n−1 ∑n−1j=0 f j∗m when n → ∞, which are f -
invariant, and to show that these accumulation points are absolutely continuous.
We use the main feature of hyperbolic times: their uniformly expanding behavior.
Lemma 2.1. There are δ1 > 0 and C1 > 0 such that if n is a (σ,δ)-hyperbolic
time for x, then there is a neighborhood Vx of x in M for which
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(1) f n maps Vx diffeomorphically onto B( f n(x),δ1);
(2) for k = 1, . . . ,n− 1 and y,z ∈Vx, we have
dist( f n−k(y), f n−k(z))≤ σk/2 dist( f n(y), f n(z));
(3) f n|Vx has distortion bounded by C1:
if y,z ∈Vx, then 1C1 ≤
|detD f n(y)|
|detD f n(z)| ≤C1 .
Proof. See Lemmas 5.2 and 5.3 of Alves-Bonatti-Viana4.
From this we obtain the following result in Alves-Arau´jo2, Proposition 3.1,
where we write Hn = {x ∈M :n is a (σ,δ)-hyperbolic time for x}.
Proposition 2.2. There is a constant C2 > 0 (only depending on δ1 and C1) such
that ddm f n∗
(
m | Hn
)≤C2 for every n ≥ 0
Defining for each n the sets H∗n = h−1(n) we have m(h) = ∑n≥1 n ·m(H∗n ). We
need to denote Rn,k = {x∈Hn : h( f n(x)) = k} and define the measures νn = f n∗ (m |
Hn) and ηn = ∑∞k=2 ∑k−1j=1 f n+ j∗ (m | Rn,k). Then µn ≤ n−1 ∑n−1j=0(ν j +η j).
From Proposition 2.2 we have dνndm ≤C2 where C2 does not depend on n.
Proposition 2.3. Given ε > 0, there is C3(ε) > 0 such that for every n ≥ 1 there
are non-negative measures such that ω+ρ≥ ηn, with dωdm ≤C3(ε) and ρ(M)< ε.
Proof. We let ω = C2 ∑ℓ−1k=2 ∑k−1j=1 f j∗ (m | H∗k ) and ρ = C2 ∑∞k=ℓ ∑k−1j=1 f j∗ (m | H∗k ),
where ℓ ∈ N is big enough so that ∑∞j=ℓ k m
(
H∗k
)
< C−12 ε (by the integrability of
h). See Alves-Arau´jo2 for more details.
This ensures that every weak∗ accumulation point µ of (µn)n must be abso-
lutely continuous, proving Theorem B.
To prove Theorem C we start by a simple geometric result (Proposition 4.1 in
Alves-Arau´jo2).
Proposition 2.4. If S is a compact submanifold of M with dim(S) < dim(M),
then the function logdist(x,S) belongs to Lp(m) for every 1 ≤ p < ∞.
The standard Ho¨lder inequality easily implies the following
Corollary 2.5. If the density dµ/dm belongs to Lq(m) for some q > 1, then
logdist(x,S) is µ-integrable.
Lemma 2.6. If the first (σ,δ)-hyperbolic time map h : M → N belongs to Lp(m)
for some p > 4, then logdist(x,S) is µ-integrable.
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Proof. We take ε > 0 and use the construction of the a.c.i.m. µ and the definitions
of νn,ηn and ρ.
Let di = σbi for i ≥ 1 and b from Definition 1, and define Bi = {x ∈
M : dist(x,S) ≤ di}. Then for n a (σ,δ)-hyperbolic time for x we have f j(x) ∈
M \Bi for all j ∈ {n− i, . . . ,n− 1}. This implies for all i ≥ 1
ρ(Bi) =C2
∞
∑
k=ℓ
k−1
∑
j=1
m(H∗k ∩ f− j(Bi)) =C2
∞
∑
k=ℓ
k−i
∑
j=1
m(H∗k ∩ f− j(Bi))
≤C2
∞
∑
k=max{ℓ,i}
k−i
∑
j=1
m(H∗k ∩ f− j(Bi))≤C2
∞
∑
k=i
k m(H∗k ).
Now by Propositions 2.2 and 2.3 we know that µn ≤ n−1 ∑n−1j=0 ν j +ω+ρ≤ ν+ρ
where ν is a measure with uniformly bounded density. Hence any weak∗ accumu-
lation point µ of (µn)n is bounded by ν+ρ. Since S is a submanifold of M, then
logdist(x,S) ∈ L1(ν) by Proposition 2.4. On the other hand,
∫
M
− logdistδ(x,S)dρ ≤
∞
∑
i=1
−ρ(Bi) logdi+1 ≤−b logσ
∞
∑
i=1
(i+ 1)
∞
∑
k=i
k m(H∗k ).
We have h ∈ Lp(m), which means ∑k≥1 kpm(H∗k ) < ∞. Hence there is a constant
C > 0 such that m(H∗k )≤Ck−p for all k ≥ 1. Thus for i ≥ 2
∞
∑
k=i
k m(H∗k )≤
∞
∑
k=i
C
kp−1 ≤
∫
∞
i−1
C
xp−1
dx = C
(p− 2)(i− 1)p−2 ,
and so
∞
∑
i=2
(i+ 1)
∞
∑
k=i
k m(H∗k )≤
C
p− 2
∞
∑
i=2
i+ 1
(i− 1)p−2 .
This last series is summable for p > 4. Hence logdist(x,S) ∈ L1(µ) for p > 4.
Since f behaves like a power of the distance near S , the following is a corollary
of the previous results (see Alves-Arau´jo2, Corollary 4.4).
Corollary 2.7. If the first (σ,δ)-hyperbolic time map h belongs to Lp(m) for some
p > 4, then log‖D f (x)−1‖ is µ-integrable.
By definition of hyperbolic time, if x ∈ Hn and f n(x) ∈ Hk, then x ∈ Hn+k.
Since f preserves sets of zero m measure and m-a.e. point has a hyperbolic time,
then m almost all points must have infinitely many hyperbolic times. Thus we have
liminfn n−1 ∑n−1j=0 log‖D f ( f j(x))−1‖ ≤ logσ < 0 for m-a.e. x ∈M, and hence µ al-
most everywhere. The µ-integrability of log‖D f (x)−1‖ and the Ergodic Theorem
ensure that the limit of the above time average exists µ-a.e.
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If S = /0, then log‖D f (x)−1‖ ∈ L1(µ) (it is bounded). Hence the negative
bound on the above time averages is enough for obtaining Corollary D by applying
the following result from Alves-Bonatti-Viana4.
Theorem E. Let f : M →M be a C2 local diffeomorphism outside an exceptional
set S ⊂ M. If for some set H ⊂ M with m(H)> 0
(1) ∃c > 0∀x ∈H , limsupn n−1 ∑n−1j=0 log‖D f ( f j(x))−1‖<−c;
(2) ∀ε > 0∃δ > 0∀x ∈ H, limsupn n−1 ∑n−1j=0− logdistδ( f j(x),S)≤ ε,
then there are 0 < σ < 1, δ > 0 and θ > 0 such that the frequency of (σ,δ)-
hyperbolic times for the points in H is bigger than θ.
An a.c.i.m. µ is sure to exist from h ∈ Lp(m), p > 1, according to Theorem B,
and logdist(x,S) ∈ L1(µ) after Corollary 2.7.
Lemma 2.8. If µ is an f -invariant probability measure and logdist(x,S) is µ-
integrable, then µ-almost every x∈M satisfies the second condition of Theorem E.
Proof. Easy when µ is ergodic. For details see Alves-Arau´jo2, Lemma 4.6.
Now we just apply Theorem E to obtain Theorem C.
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